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Abstract 

■ Given an elliptic action of a compact Lie group G on a co-oriented con- 

/"*\ ' tact manifold (M, E) one obtains two naturally associated objects: A 

. , G-transversally elliptic operator p);,, and an equivariant differential form 

' with generalized coefficients J(E, X) defined in terms of a choice of con- 

tact form on M. 

We explain how the form J(E, X) is natural with respect to the con- 
tact structure, and give a formula for the equivariant index of \pt involving 
J{E,X). A key tool is the Chern character with compact support devel- 
oped by Paradan- Vergne [TT] [12] . 

> 

m . 1 Introduction 

Let (M, E) be a compact contact manifold. Suppose that the contact distribu- 
CN 1 tion E is co-oriented, and let a £ Q}(M) be a contact form compatible with the 

co-orientation. The distribution E is contact if and only if the restriction of da 
to E is symplectic. 

We equip E with a complex structure J compatible with da, defining an 
almost-Cauchy-Riemann (CR) structure E± o C TM<E)C on M whose underlying 
real sub-bundle is E (see [5]). We suppose E ' 1 — (i?i,o)* is equipped with a 
;_h ' compatible Hermitian metric h and connection V, and note the isomorphism 

ip : E* — > E - 1 given in Section El equation below. 

Analogous to the definitions in [2], let C(E) be the bundle of Clifford algebras 
over M whose fibre at x € Af is the Clifford algebra of E* with respect to the 
Riemannian metric on E obtained from h. Then E — [\ E 0,1 is a spinor module 
for C(E), with Clifford multiplication given for v £ E x by 

c{v)=L{i>{v))-e{i>{v)). (1) 

Using the connection V and the Clifford multiplication (TTJ) we can define 
a Spin c -Dirac-like operator \pt whose principal symbol is o~b(x,t;) = — ic(q(^)), 
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where (x,£) € T*M, and q : T*M -> E* denotes projection^ 

Since (ab) 2 (x, £) = ||g(C)|| 2 , the support of <r b is the anihilator bundle E° of 
E, whence pf, is not elliptic. 

Suppose now that a compact Lie group G acts on M, such that the action 
preserves the contact distribution E, as well as its co-orientation, and choose a, 
J, h and V to be G- invariant. We require the action to be elliptic, meaning that 
TM is spanned by E and the vectors tangent to the G-orbits, or equivalently, 
that E° is transverse to the space TqM of covectors perpendicular to the G- 
orbits. 

Thus, although pf, is not elliptic, the requirement of ellipticity on the group 
action gives Supp(crb) n TqM C M x {0}, which implies that p& is a G- 
transversally elliptic operator in the sense of Atiyah |T] , and that the principal 
symbol u\, is a G-transversally elliptic symbol in the sense of Berline-Vergne [3] . 

Atiyah pQ has shown that the kernel and cokernel of any G-transversally 
elliptic operator P will define trace-class representations of G, and that the 
principal symbol of P defines an element in the equivariant if-theory Kq{TqM). 
The G-equivariant index of P is well-defined, but only as a generalized fucntion 
on G, given by the formula [TJ[3]: 

index 6 (P)(g) = Tr( 5 ,kerF) - Tr( 5 ,kcrP*). (2) 

Bcrline and Vergne [31 |4j have given a character formula which gives the 
germ of © at g E G in terms of the integral over T*M(g) of certain equivariant 
differential forms, as follows: 

For a G-transversally elliptic symbol a, we have, for g 6 G and X € g(g) 
sufficiently small, 

i»d^ w( ^)= / (a ,,-~» w <»tvg.Wfa>.*>, ,„ 

T*M{g) 

where Ch 9 BV ((T, X) is the Chern character of [3J. For a G-transversally elliptic 
operator P with principal symbol <r(P), the equality of generalized functions 
index G (P) = index G (cr(P)) was proved in [1]. 

Recent work of Paradan and Vergne [12] allows one to replace the non- 
compactly supported equivariant forms in the integrand of J3|) by forms with 
compact support, provided one passes to equivariant differential forms with 
generalized coefficients: these are C~°° maps from g to A(M), as in [8|. The 
space of all such forms will be denoted by _4~°°(g, M). 

When one allows generalized coefficients, it is possible to define a natural 
differential form on M adapted to the contact structure as follows: 

Let a be a contact form on M , let D = d — i(X) be the equivariant differ- 
ential, and let #o be the Dirac delta distribution on BL Then we may define the 

1 If the almost-CR structure associated to E is integrable, then M is a Cauchy-Riemann 
manifold, and fft b is given in terms of the associated tangential Cauchy-Riemann operator d b 

b y y b = V2(d b + dl)- 
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form 



J(E,X)=aAS (Da(X)), 



(4) 



which is well-defined as an element of A 00 (fl, M). 

Moreover, using the properties of the delta distribution, one has that 

1. DJ{E, X) = 0, so that J(E, X) defines a class in H-°°{g, M), the equiv- 
ariant cohomology of M with generalized coefficients. 

2. J(E, X) is independent of the choice of contact form a and thus depends 
only on the contact structure E. 

For a fixed g G G, let i : M(g) — > M denote the inclusion of the set of g-fixed 
points in M. In Proposition 12. 71 we show that (M(g), E(g)) is again a contact 
manifold, with contact form a 9 — i*a, so that J(E(g), X) = a 9 A 5o(Da 9 (X)) 
is again well defined, for X G $(g) C g. 

In this article, our interest in the form J{E,X) is due to its appearance 
in our formula for the equivariant index of the G-transversally elliptic operator 
\pb- The results of [Til HI] allow us to re- write the integrand of (|3|) in terms 
of a Chern character ChMQ(c, X) with "gaussian shape" along the fibres of E* 
in the sense of [10] , and a differential form P\(X) with generalized coefficients 
whose support intersects E° in a compact set. We are then able to integrate 
over the fibres of T*M{g) to obtain: 

Theorem 1.1. Let (M,E) be a compact, co-oriented contact manifold, and let 
G be a compact Lie group acting elliptically on M . The G-equivariant index of 
\pb is the generalized function on G whose germ at g £ G is given, for X € $(g) 
sufficiently small, by 

M(g) 

where dim(A/(g)) = 2k(g) + 1. 

In particular, we have the following formula at the identity: 
Theorem 1.2. For leg sufficiently small, 

index G ([? b )( e *) = —J— J Td(E, X)J(E, X). (6) 

M 

In the case of an elliptic circle action on M, we can relate our index formula 
to the index of a Dirac operator on the quotient: Suppose that M is a pre- 
quantum [/(l)-bundle over a pre-quantizable Hamiltonian G-space (_B,w,$) in 
the sense of [7] . If a is a connection form satisfying the prequantization condition 
iDa(X) = 7T*(w — $(X)), then a — ia is a contact form on M, and the action of 
GxU(l) on M obtained from the action of G on B and the principal ?7(l)-action 
is elliptic. 
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Corollary 1.3. Let p denote the Dolbeault-Dirac operator acting on sections of 
/\T 0,1 B, let L = M Xuti) C, and denote a m = o~(p) (8 Id^m. Then we have 
the following equality of generalized functions on G x U(l): 

index GxC/ W W b )(g,u) = £ u~ m mdex G (a m )(g). 



2 Elliptic actions on contact manifolds 

Let G be a compact Lie group, and let M be a G-manifold. We make use of the 
following notation: 

Definition 2.1. The set {J x pm(Tx(G.x)) C T*M of covectors orthogonal to 
the G-orbits will be denoted TqM . 

Definition 2.2. Let i] S £l (M) be an invariant 1-form on a G-manifold M . 
We define the ^-moment map to be the map f^iM—* Q* given by the pairing 

< f v (m),X >= ri m (X M (m)), 

for any leg, where Xm is the vector field on M corresponding to X via the 
infinitesimal action of Q on M. 

We denote by the zero-level set /^ _1 (0) C M of the rj-moment map. 

For any G-space V, we will denote by V(g) the subset of V fixed by the 
action of an element jeG. 

Remark 2.3. Let 9 be the canonical 1-form on T*M, and consider the lift of 
the action of G on M to T*M. This action is Hamiltonian, and f$ : T*M — > g* 
is the corresponding moment map. We may describe the space TqM according 
to T^M = C e . 

Let (M, E) denote a compact co-oriented contact manifold, and let G be a 
compact Lie group acting on M preserving the contact structure E, and the 
co-orientation. Choose a G-invariant contact form a compatible with the co- 
orientation. That is, if we let E^_ be the connected component of E° \ that is 
positive with respect to the co-orientation, then a(M) C E+. We will suppose 
such a choice of contact form has been fixed throughout the articleU 

Remark 2.4. Recall that the space C T*M is a symplectic cone over 
the base M, called the symplectization of M. The symplectic form on E+ is 
the pullback under inclusion of the canonical symplectic form on T*M. The 
cotangent lift of an action of G on M preserving E restricts to a symplectic 
action of G on E^_ commuting with the natural R + action. 

2 A good exposition of this terminology can be found in [9]. 
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Definition 2.5. The action of G on (M,E) is said to be elliptic if and only 
ifT^M n E° = 0. 

For the remainder of this article, we will impose this stronger condition on 
the action of G on M. 

Remark 2.6. The action of G on (M, E) is elliptic if the orbits of G in M are 
nowhere tangent to the contact distribution. Alternatively, if <f> : E ( _l — ► g* is 
the restriction of fg to E ( _l, then the action is elliptic if and only if zero is not 
in the image of 

Associated to the chosen contact form a is the Reeb vector field, which is 
the vector field Y e T(TM) such that 

t(Y)a = 1 and i{Y)da = 0. 

Accordingly, we obtain a splitting TM = E ffi MY, dual to the splitting 
T*M — E* © Ra given by the choice of contact form. 

The following proposition is a key lemma for our proof of the fixed-point 
formula ([5]): 

Proposition 2.7. Let [M, a) be a co-oriented contact manifold, and suppose G 
is a compact group acting on M elliptically. For any g £ G, let i : M{g) — > M 
denote inclusion of the g-fixed points. Then we have: 

1. The submanifold M(g) C M is a contact manifold, and a 9 = i*a is a 
contact form on M (<?) . 

2. The action of the centralizer G(g) of g in G on M(g) is elliptic. 

Proof. (1) Let TM — E © WY, where Y is the Reeb vector field asociated to 
the G-invariant contact form a, and thus G-invariant as well. 

Denote by N(g) the normal bundle to M(g) in M. Then we have that 

TM\ M[g) = TM(g) © N(g) = E(g) © WY 9 © N(g) 

by the invariance of Y, where Y 9 = F|jw( s ) and E(g) is the subset of E fixed 
by the action of g G G. 

Choose any m <E M(g). Then we know that da\E m is symplectic. Moreover, 
the action of G on the symplectic vector space E m preserves a, and thus the 
symplectic structure, whence E m (g) is symplectic, with symplectic form da 9 = 
i*da. 

Finally, since a(M(g)) C T*M(g) = (TM(g))*, and i(Y 9 )a 9 = 1, we have 
ker(a 9 ) D WY 9 — 0, whence kei(a 9 ) C E(g), and a dimension count gives 
ker( a 9) = E{g). 

(2) Recall that the action of G on M is elliptic if and only if zero is not in 
the image of the moment map $ : E+ — * g* (Remark 12. 6p . Let H = G(g), and 
let () be the Lie algebra of H. 
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If x € E+{g), we have by the equivariance of $ that $(x) 6 h*. Thus, the 
corresponding moment map W : 2?9 ({?) — » f)* for the action of G(g) on E+(g) is 
simply the restriction of <& to 259 (the projection from g* to t)* being redundant). 

Since '5 = $| s o( 9 ), it follows that zero is not in the image of \&, and thus 
the action of G(g) on M(g) is elliptic. □ 

3 Definition of the operator p& 

Let a S F(2?°\0) be a given choice of G- invariant contact form on (M, 2?). Then 
dajs defines a symplectic structure on the fibres of E, so that E is a symplectic 
vector bundle over M. Let J be a G-invariant complex structure on E. 

If P is any other contact form, then j3 = e'a for some / G C°°(M). Thus 
we have d/3 = e^df A a + e s da, whence d(3\E = e?da\E- Therefore, if J is a 
complex structure on E compatible with da, it is also compatible with d(3, and 
thus depends only on the contact structure E. 

The pair (E, J) determines an almost-CR structure E\^ on M whose un- 
derlying real bundle is the contact distribution (see [5]). Thus Ei y0 H E 1-0 = 0, 
and so E lfi 2? ,i = E ® C, where 2? ,i = f?i,o- Let 2? 1 ' = (i?i,o)*, giving the 
G-invariant decomposition 

e* ® c = ^"efi 0,1 

into ±i-eigenspaces of J, where for r] £ T*M and £ £ TM the induced almost- 
complex structure on E* is given by J(r])(€) = r)(J(£)) 
Let tp : E* ^ E 0,1 be the isomorphism given by 

iJ)(r})=r) + iJ(r)). (7) 

Let p : E* -> M, g : T*M -> 27*, and tt m = po g : T*A2 -> M denote 
projections. Let ft, be the G-invariant Hermitian metric on E 0,1 determined 
by J and da, and let V be a G-invariant Hermitian connection on E ' 1 . The 
metric h determines an invariant Riemannian metric on E. Let C{E) — > M be 
the bundle whose fibre over x € M is the Clifford algebra of 2? x with respect to 
this metric. For any v £ 2? X) we have the Clifford multiplication given by 

c^) = .(#/)) -e(#/)), (8) 

where e(»7) denotes exterior multiplication by r\, and i(r\) denotes contraction 
with respect to h: i{r], £) = h(r),£). The multiplication c makes £ = /\2? 0,1 into 
a spinor module for C(E). 

Using V and c, we define a G-invariant differential operator pf, : Y{£) — > 
F(£) by the composition 

T{£)^T{T*M®£)^T{E* ®£)^T{£). (9) 

In the case that E\$ is integrable, M is a Cauchy-Riemann manifold, and we 
have _ 

\p b = V2(d b + d* b ), 
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where db is the tangential Cauchy-Riemann operator defined with respect to 

Write £ = £ + ® £~ with respect to the Z2-grading given by exterior degree, 
and let erf, : 7r^ / £ + — > tt* m £~ denote the principal symbol of !/){,, given for any 
€ T*M and 7 e £+ by 

^(a:.0(7)=-ic(?(0)7- (10) 

For any morphism a on ft* M £, define 

Supp(er) = {(£,£) G T* M \u(x, £) is not invertible}. 

Since af(;r,£) = ||<z(£)l| 2 ; we have Supp(cr&) = E°. This implies that for an 
elliptic G- action on M, \pb is a G-transversally elliptic differential operator in 
the sense of Atiyah [T], since E° n TqM = 0. 

Therefore, [7r^f£,<7(,] defines an equivariant iif-theory class in Kg(TqM). 
This class is independent of the almost-CR structure (since any two such struc- 
tures with underlying real bundle E are homotopic) and the Hermitian metric. 
A formula for the equivariant index of this class has been given by Berline and 
Vergne [3J 0] , but requires the integration of non-compactly supported forms on 
T*M, 

Following Paradan and Vergne [12] , we will instead pass to equivariant dif- 
ferential forms with generalized coefficients, which will allow us to construct 
a compactly supported form whose integral over T*M agrees with that of the 
Berline- Vergne formula, and for which the integral over the fibres is easily car- 
ried out. 

Before dealing with the technical details of this construction and the proof 
of our main theorem, we pause to consider two simple examples in which our 
index theorem may be applied. 



4 Examples 

The simplest examples of an elliptic group action on a contact manifold involve 
free circle actions. A particularly simple example is discussed in |14j : that of a 
circle acting on itself by multiplication. 

Example 1: S 1 

Consider the circle S 1 = {e l9 \9 € R}. The form d9 is a contact form on S 1 , 
with the zero section as the contact distribution. The group U(l) = {e l< ^} acts 
freely on S 1 by multiplication. The action is elliptic, since TqS 1 — (while 
E° = T*S 1 ). 

Here, our operator is \f>b — 0, and since TqS 1 — 0, even the zero operator on 
5* 1 is [/(l)-transversally elliptic. The [/(l)-equivariant index is given simply by 

index G (0)(e^) = J J(<j>) = 2^ o (0) = £ 

01 m£Z 
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where the last equality is valid for <f> sufficiently small, using the Poisson sum- 
mation formula for 5q. 

Example 2: S 3 

Let M — S 3 be the unit sphere in M 4 with co-ordinates (xi,y\,x 2 ,y2), and 
consider the frame {X, Y, T} for TS 3 given by 



d d d d 

X = x 2 - y 2 - x 1 — +yi lr - 

dxi dyi dx 2 dy 2 

d d d d 

Y = -y 2 ^ x 2 - h yi^ h x 1 — 

dx 1 dyi dx 2 dy 2 

_ d d d d 

dx 1 dyi dx 2 dy 2 

A contact structure is given by E = TS 3 /RT. If wc let {£, (, a} denote the 
corresponding co-frame, then a is a contact form on S 3 . In co-ordinates we have 

a = yidxi - xidyi + y 2 dx 2 - x 2 dy 2 , 

and one readily sees that a{T) = x\ + y\ + x\ + y 2 = 1, so that T is the Reeb 
field for a. 

We let C/(l) act on S 3 , with action given in complex co-ordinates as follows: 
identify M 4 = C 2 via zj = Xj + iy h j = 1, 2. The action of G U(l) on C 2 
by e 1 ^ ■ (zi, z 2 ) = (e*^zi, e^z^ restricts to an action of U(l) on S 3 . Let q = iM. 
denote the Lie algebra of G, and note that the infinitesimal action of g on M is 
given by i<f> 1— ► <pT. The orbits of the action are thus transverse to the contact 
distribution E, whence the action of f (1) on S 3 is elliptic. 

The almost-CR structure on M is given by taking E\fi = CZ, where Z = 
^={X + iY). The corresponding covector in E* <g> C is 9 = ^=(£ - iQ. The 

associated complex structure on E comes from the complex structure on C 2 , and 
is given by J(X) = -Y and J(Y) = X, so that J(£) = C, and J(Q = -£ on E* . 
Since this structure is integrable, M is a CR manifold, and % = V2{d b + d b ). 
Writing 77 e T* S 3 as i] = a£ + b( + ca, the symbol of \f) b is given by 

a b (x, rf) = -iV2((a + ib)i(Z) - (a - ib)e(6)), 

from which we see that a b {x, fj) = a 2 + b 2 . 

Finally, for <j> sufficiently small, the [/(l)-cquivariant index of \}> b is given by 

index c/ ( 1 )(p b )(e^) = ^- j Td(£, <j>)J(E,<j>) = 2ir(6 (cj>) - i5' (<f>)) 

s 3 

= V (1 - m)e lm ^ = V -L f Td(S 2 )e-" n ^-^ , (11) 

since 

J(E, 4>) = a A S {da - <f>) = a(S (-<t>) + 6' (-<j>)da), 
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while, if 7r : S 3 — > 5 2 denotes the projection onto the orbit space, then 

Td(E, (f>) = Td(ir*TS 2 , c/>) = vr* Td(5 2 ) 
= 7r* (1 + iui) = 1 + ida. 

Note that the last equality in ITTj) is an instance of Corollary 16.61 

5 Equivariant differential forms with 
generalized coefficients 

Let N be a smooth manifold, not necessarily compact. Let ^t 00 (g,A r ) denote 
the complex of smooth equivariant differential forms on N; that is, the space of 
smooth maps a : g — Lie(G) — * -A.(N) that commute with the actions of G on 
q and N. 

The space A°°(g,N) is equipped with the equivariant differential D, given 

by 

(Da)(X) = d(a(X)) - t(X N )a(X), 

for any X £ g, where l(Xn) is contraction by the vector field on TV generated 
by the infinitesimal action of X £ g. We have D 2 — on ^4°°(0, N), whence we 
can define the equivariant cohomology H°°(g 7 N). 

We can define further the complex A~°°(g, N) of equivariant differential 
forms with generalized coefficients: this is the space of G-equivariant generalized 
functions from g to A(N) [8]. Thus, for any a £ „4~°°(g, N) and any compactly 
supported test function <f) £ C°°(fl), / a(X)cj)(X)dX is a smooth differential 
form on N. 

The equivariant differential D extends to _4~°°(g, N), with D 2 = 0, and so it 
is possible to define the space the space W~°°(g, N) of equivariant cohomology 
with generalized coefficients. See [51 ?, [33] for examples where this space is 
computed. 

For non-compact N, we may consider as well the cohomology of (general- 
ized) equivariant differential forms with compact support on N, denoted by 
Ht°°(g,N). 



5.1 Forms in A °°(g,N) derived from distributions on K. 

It will be useful in our computation of the equivariant index to work in terms 
of the following generalized functions on M: 

i 1 c / \ — * i 1 
o+(x) — — lim — , 5-(x) — — lim 



2n e^o x + ie 2ir e-+o x — ie 

Note that we have 

5+ (x) +S-(x) = - lim , 

7T e— >0 X + t 
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which we identify as the Dirac delta distribution So(x), giving the first of the 
following identities: 

5 + +5_=5 , (12) 



— ixd+(x) = ixS-(x) — 1, x5q(x) — 0, (13) 
and for any a G R \ {0}, we have 

, , . i x t \ I s - ( x ) if a > , . 

ado(a.x) = < , ao±(ax) — < . (14) 




-&f(:e) ifa<0 

The integral representations of these generalized functions given by 

1 f°° i r° 

S +( x ) = ^J o e "'*> 6 -^ = ^J e " tdt 

will be helpful in the computation of the index formulas to follow. 

Distributions on K, such as the above, can be used to define equivariant 
differential forms with generalized coefficients. For example, given an invariant 
1-form [3 on N, the form 5q(D(3), which we may view as the oscillatory integral 
e~ ltD ^dt, is well-defined as a generalized equivariant form wherever the 
pairing X i— * /3(Xjy) is non-zero. 

Let us explain in general how such a form is well-defined: Let u S C _00 (IR) 
be a distribution on R. We may consider its pull-back by a smooth, proper map 
h : Q — > R, which will give a well-defined distribution h*u = uoh on q provided 

h* (WF(u)) n (fl x {0}) = C T*g, (15) 

where WF(u) denotes the wavefront set of u [6]. 

Remark 5.1. Note that for the resulting distribution on g, we have WF(h*u) c 
h*WF(u). Furthermore, for any derivative of u, we have WF{uW) C 
WF(u), so that if a map h satisfies the condition above with respect to it, it 
does so for all the derivatives of u as well. 

Now, if P is an invariant 1-form on M, then for a fixed point m € M , fp{m) 
gives us a linear map from g to R. If fp{m) satisfies (TT5t for all m € M, then 
we may set 

u{D(3){X) = u{df3-f {X)) = ^ (16) 



which is well-defined by Remark l5.ll 

On a contact manifold (M, E) on which a Lie group G acts elliptically, 
consider the form 

J(E,X)=aA5 (Da(X)), (17) 
where a is any contact form. 
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The ellipticity hypothesis ensures that the pairing X i— > o(Xm) is non-zero: 
We have WF(5 ) = {0} x (R \ 0), while /"^O) = 0. Thus for all m € M, 
r/ = f a (m) is non-zero, and 

ff (WF(«„)) = {(*,*»?) G fl x 2*\(v(X),t) £ {0} x (R\0)}. 

Since try is never zero, (fT5)l is satisfied. 

Using the properties of the delta distribution given above, we obtain the 
following: 

Proposition 5.2. Let (M,a) be a co-oriented contact manifold on which a Lie 
group G acts elliptically. Then the form J(E,X) is equivariantly closed, and 
independent of the choice of contact form. 

Proof. We have: 



D(a A 8 (Da)) = Da A S {Da) = by (fT3f , 
while if we change a to e^a for some / £ C°°(M) we have using (fT4| that 

e f aA S (D(e f a)) — e^a A S (e f (df A a + Da)) 

= a A #o(4f A a + Da) = a A <5o(-Da), 
where in the last equality we have used p^|) , and the fact that a A a = 0. □ 

Remark 5.3. Recall [7] that given a symplectic manifold (N,u>) of dimension 
2n and a Hamiltonian action of a Lie group G on N with moment map W we 
may define the Duistermaat-Heckman distribution u_d# on C^°(0*) by 

< <j>,u DH >= J 4>u DH = J (V*<f>)e u . 

8* N 

The Fourier transform of is given, for h £ (q) by 

<u^S,h>=<u DH ,h>= J h(X)L(X)dX, 

b 

so that udh = L(X)dX, where 

I(X) = J e-^^unniO = 7^/ e-< x '*>e" = (2™)"" | e*"W. 

8* AT JV 

Now, given a co-oriented contact manifold (M, E) of dimension 2n + 1, con- 
sider the anihilator E° of E. Although not quite a symplectic manifold, since 
the form uj = d(ta) is degenerate for t = 0, we have the moment map ^ = t/ Q , 
and if we compute I(X) in this case, we find 

S° M 

Similarly, on the symplectic manifold S9 we obtain an expression for the Fourier 
transform of the Duistermaat-Heckman distribution by replacing 5q by <5+ . 
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5.2 Cohomology with support 

We give here a quick summary of the material in |TT] and [T2] that is relevant 
to the proof of our index theorem. 

Suppose F is a closed, G-invariant subset of N. Then there are two coho- 
mology spaces associated to F defined in [TT]: H°°(g, N, N \ F), the relative 
equivariant cohomology of N, and 7iJ?(0, N), the equivariant cohomology with 
compact support in N. 

Representatives of cohomology classes in the former are pairs (77, £), where 
77 e -4°°(0, AT) and £ e -4°°(fl, N\F), that are closed under the relative equiv- 
ariant differential D re i(r},£) — (Dr],r]\ N \ F — £>£), while cohomology classes in 
the latter are defined as follows: 

Let U C N be any open, G-invariant subset containing F. We may consider 
the spaces A"ff (g, AT) of equivariant differential forms with support contained in 
U, and their corresponding cohomology spaces H^(g, N). 

If we have two open subsets V and U with F C V C £/, the inclusion 
*4v?(fl, AT) <^-> -4^(fl, AT) induces a map 

and so we obtain the inverse system (Ti^(g, N), f U y,U,V G .Ff), where is 
the family of all open, G-invariant neighbourhoods of F, letting us define the 
space of cohomology with support contained in F as the inverse limit of this 
system. 

By [12], all of the above can be extended to equivariant cohomology with 
generalized coefficients, including the morphism 

p F :H ± °°(8,N,N\F)^H±°°(a,N) (18) 

defined in [11] as follows: 

Let U be any open, G-invariant neighbourhood of F, and choose a cutoff 
function \ e G°°(A r ) G with support contained in U, such that \ = 1 on a 
smaller neighbourhood of F. Let (77, £) represent a class in 'H ±00 (g, N,N\F) 
(so that r]\ N \ F = D£), and set 

P x (ih£)=XV + d x£- (19) 

By Proposition 3.14 in |llj . p x (rj, £) is an equivariantly closed form with sup- 
port in J7, whose class Pu(iJ>£) m ^f/°°(flj ^0 does not depend on Moreover, 
fu.v Pv = Pu-i so that we may define pf(?7,£) to be the element defined by 
taking the inverse limit over invariant neighbourhoods of F. 

Remark 5.4. An element of Tip 00 Qj, N) in the image of p F may be represented 
in computations by one of the forms p x (j] 7 !;). 

If F is compact, there is a natural map 

n$ cc ( 9 ,N)^nt oc (g,N). (20) 
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The composition of pp with (f2T)]) defines a map denoted p c in [TT] . 

In the case where N is a G-equivariant vector bundle we introduce two other 
complexes of differential forms: the complexes -Af^faN) of differential forms 
that are rapidly decreasing in mean: 

Definition 5.5. Suppose N — > B is a G-equivariant vector bundle over the 
compact base B, and suppose (3 : g — > N is an equivariant differential form on N 
(possibly with generalized coefficients). We say that [3 is rapidly decreasing in 
mean if for any smooth, compactly supported density p(X) on g, the differential 
form [3p — J [3(X)p(X)dX and all its derivatives are rapidly decreasing along 
the fibres ofN^B. 

The equivariant differential D is well-defined on A^^(q, N), and so we may 
define the cohomology space W~ d ^(g, N). 
Note that we have the inclusions 

A? dm (s, N) - A; d ™(0, N) A-°°( S , N). (21) 
5.3 Chern characters 

Suppose £ — £ + © £~ is a Z 2 -graded G-equivariant vector bundle over N, and 
let A be a G-invariant superconnection on £ , in the sense of Quillen [T3]; see 
also [10] or [2]. Thus A is an odd invariant operator on A(N, £) which preserves 
the Z2-grading of £, and satisfies the derivation property 

A(ws) = dujs + (-l) dcga, wAs, 

for any form u> on N, and any section s of £ . One example is the superconnection 
A = V + L on £ considered in [10] , where V is a G-invariant connection on £ 
in the usual sense, and L is an odd G-invariant endomorphism of £ . 

Definition 5.6 ([2j ?]). Given a G-invariant superconnection A on £ , we define 
the moment of A to be the map /i A : g — > A(N, End(£)) + given by 

fi A (X)=£(X)-[i XN ,A}, 

where C(X) — [d,ix N ] is the Lie derivative in the direction of X^. 

In the case A = V + L mentioned above, the moment of A becomes simply 
fi(X)=C(X)-Vx- 

The equivariant curvature of A is the map F(A) : g — > A(N, End(£ )) + 
given by W(A)(X) = A 2 + fi A (X), and the equivariant Chern character of 
(£,A) is the equivariant differential form Ch(A, X) = Str(e F ^ A ^ x ^). 

The equivariant Chern character is equivariantly closed, so that Ch(A, X) 
defines a class in 7i°°(0, N) equal to the Chern character of £. 

Now, if we are given a smooth, G-equivariant morphism a : £ + — > £~ , define 
a* using an invariant Hermitian metric on £ . Then the map 

(0 a*\ 
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defines an odd Hermitian endomorphism of £, and we can associate to it a 
differential form given by 

Ch(A' T , X) = Ch(A((i, 1), X) = Str(e F(A ^ 1)(x) ), (22) 

where A(cr, t) = A + itv a , and F(A, a, t)(X) is the equivariant curvature of 
A(cr, t). Explicitly, we have 

F(A, a, t)(X) = -t 2 v 2 a + it[A, v a ] + ¥(A)(X). (23) 

We remark that in the non-equivariant setting, the Chern character (|22l) is 
essentially the form considered by Mathai-Quillcn 10J, in the case where N is 
a vector bundle. We will denote by Cb.MQ(o~, X) the corresponding equivariant 
Chern character studied in [TT] . 

If we define as well the transgression form n(A,a,t) = —iSti(v tT e e ^ A ' a ^), 
then on N \ Supp(cr), we have the well-defined equivariant differential form 
/3(A, a) £ A°°(q, N \ Supp(a)) given by 

/'OC 

/3(A,ct) = / r](A,a,t)dt. 
Jo 

Then Ch(A)| 

AT\Supp(o-) = D/3(A,a) [TT], so that 

(Ch(A), 0(A, <t)) e n°°(g, N, N \ Supp(cr)). (24) 

This is the relative Chern character Ch re i(a, X) of [llj . With F = Supp(cr), we 
can use the map (fT5|) to obtain a class 

Ch sup (a,X) = c F {CKei{^X)) e HZ pp{a) (3,N), 

which is independent of the superconnection A, and can be represented in com- 
putations by an equivariant form 

c(a,A, X )=xCh{A) + dxl3(A,a), 

where \ € C°° (N) is a G- invariant cutoff function equal to 1 on a neighbourhood 
of Supp(er), with support contained in U, for some G-invariant neighbourhood 
of Supp(cr). 

Remark 5.7. If a is elliptic, so that Supp(cr) is compact, then we obtain a 
class Ch c (cr) G 7i^°(g, N) under the the natural map (|2"D|) given in the previous 
subsection. 

Furthermore, we have the following theorem 12J: 

Theorem 5.8. Suppose N is G-equivariant vector bundle over a manifold B. 
Then if a satisfies suitable growth conditions along the fibres of N (see U2\/ ). 
the form Chjv/Q(c, X) is an element ofA^^Q^N) and represents the image of 
theclassCh sup (a,X)eH™ , } (q,N) inH? dm ( Q ,N). 

Moreover, if the fibres of -k : N — > B are oriented, and the action of G 
preserves the orientation, then we have 7T* Ch^/Q^, X) = 71% Ch SMp (er, X) in 

n°°(s,B). 
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We now move from forms with smooth coefficients to those with generalized 
coefficients, which will allow us to shrink the support of our Chern character by 
using a G-invariant 1-form to modify the superconnection. 

In [12] we see that the above results carry over to equivariant cohomology 
with generalized coefficients. 

Let A S A 1 (q, N) be a G-invariant 1-form. We use A to deform the part 
of our superconnection of exterior degree one, obtaining a new superconnection 
A CT - A = A(cr, A, 1), according to 

A(cr, A, t) = A+ it(<r + A), for t S K and v„ + A = 

As before, we set F(A, a, A, t) = (A + it(v a + A)) 2 + so that F(A, a, A, 1) is 
the equivariant curvature of A CT ' A , Ch(A CT - A ) = Str(e F(A ' <T ' A ' 1) ) is the associated 
character form, and 

ri(a, A, A, t) = -% Str((« CT + A)e F(A ' CT ' A '* ) ) 

the transgression form. 

Then we may define /3(A, ct, A) = J Q r/(A, a, A, t)dt, which is now well-defined 
on iV\(Supp(cr)nGA), but only as a differential form with generalized coefficients 

We thus obtain a class 

Ch rel (a,X) = (Ch(A), /3(A, a, A)) G H~°°(g, N,N\ (Supp(cr) n C\)), 
giving us 

Ch stip (a,A) = c F (Ch rel (a,X)) G H-°°(a,N,N\F), (25) 

where F — Supp(a) n C\. The class Ch sup (a, A) is independent of A, and can 
be represented by a differential form 

c(<7, A, A, x) = X Ch(A) + dxp{a, A, A), 

where x G C°°(N) G is equal to 1 on a neighbourhood of Supp(cr) n C\, and has 
support contained in a G-invariant neighbourhood U of Supp(a) n C\. 
As in the smooth case, we have the following [T2"] : 

Theorem 5.9. Suppose that N is a G-equivariant vector bundle over a G- 
manifold B . If a and X satisfy suitable growth conditions along the fibres of ' N — > 
B, then Ch(A^ A ) e A™ dm ( ,N) and f3(A, a, A) € N \ (Supp(a n C x )), 

and Ch(A <T,A ) represents the image of Ch sup (a, A) in iV). 

Moreover, if the fibres of -k : N — > i? are oriented, and the action of G 
preserves the orientation, then the morphism : N) — > Ti~°°{Q,B) is 

well-defined, and tt* Ch(A ,T ' A ) = tt* Ch stip (cr, A) m H _00 (fl, B). 

In the case of a trivial bundle, we can define a class P K G Hq 00 (q, N) via 
P K = c F (27r,/3(/t)), where F — G K and /?(«) = -m J °° e Jt£,K dt = -27riK(5 + (DK), 
so that = 27r by (fl3l) . If U is a G-invariant neighbourhood of G K and 
X G C°°(U) G is equal to 1 on a neighbourhood of G K , then P K can be represented 
by the form Pu(k, x) = ^X + dxP{n). 
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5.4 The case of a contact manifold 

We return now to the case of a compact, co-oriented contact manifold (M, E). 
Consider the complex vector bundle p : E ' 1 — > M obtained from a G-invariant 
almost-CR structure on M. Equip E ' 1 with a G-invariant Hermitian metric h 
compatible with the symplcctic structure on E and the almost-CR structure. 
Let V be a G-invariant Hermitian connection on E ' 1 and let F(X) be its 
equivariant curvature. 

The symbol Ob CHI) on n* M E is just the pullback by q : T*M — > E* of 
the equivariant morphism cr^ 0il : p*(/\E°' even ) -> p* (f\ E°' odd ) defined in [UJ. 
Furthermore, we have crj = o~b with respect to the metric h, so that v^ b = cr^ Id, 
giving Ch.MQ(crb, X) "Gaussian shape" along the fibres of E* as in 10J . 

If we define the equivariant Todd form of {E ' , V) for X S g sufficiently 
small by 

Td(^X) = det c (^§^), 

then we have [TT] 

C1imq(4m,X) = (2«)V(Td(S ' 1 ,X)- 1 )Th M Q(i? ' 1 ) in W^fofl ' 1 ), 

where Th^/g(i? 0,1 ) is an equivariant version of the Thorn form defined in [10] . 
and n is the complex rank of E 0,1 . 

If we pull back the above result to T*M, then we obtain 

Ch MQ (a b ,X) = (2mr7r* M (Td(E°'\X)- 1 )q*(Th MQ (E^ 1 )), (26) 

where Ch MQ (a b ,X) = Ch(A£,X). 

Let # be the canonical 1-form on T*M. Since the action of G on M is 
assumed to be elliptic, we know that F = Supp(cr&) n Cq — TqM E° = {0} is 
compact. Thus Ch sup (<Jb, &) defines a class in T*M) under the mapping 

©. 

Denote by Chsvi&b, X) the Chern character of [3], given by 
Ch BV (a b ,X) = Str(e F ^' e ^), 

which is an element of A^ dm {Q,T* M). 

By Theorem 15.91 the images of Chsvi^b, X) and Ch sup (ab,0) under the 
maps induced by the inclusions (|2Tj) coincide in W~J!^(0, T*M). 

Simlarly, by Theorem 15. 8\ a representative of Ch sup (<Tb) in ^^ m (fl; T*M), 
is given by ChMQ(o~b, X), which we relate to Ch^y (cr?,, X) using following two 
lemmas from [12] : 

Lemma 5.10. Let K be a G-invariant 1-form on N , and define P K as above. 
Then: 

1. Under the natural map 7iQ°°(g,N) — > H.~°°(q, N), the image of P K is 
equal to 1. 
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2. Ch(a, «) = P K A Ch(a) m «^ ((r)n0j (g, N). 

Lemma 5.11. If 0\ Supp ^ = A|s U pp(cr)j *Aen Supp(er) nC 6 = Supp(er) nCj = 
TgM n and Ch(cr, 9) = Ch(cr, A) m H^MnE"^ T*M). 

Together, the two above lemmas give: 

Proposition 5.12. Let i : E° T*M be the inclusion of E° , and define 
A = i*6. Using the splitting T*M = E* E° , consider A as a form on all of 
T*M , by taking A|s» = 0, and \\eo = i*9. 

Then, A and 6 agree on Supp(<T;,) = E° , and we have 

Ch BV (a b ,X) = P X (X) A Ch MQ (a b ,X) m H~ d ~ ( fl , T* Af). (27) 

6 Calculation of the index 

We now apply the results of the previous section, in the case of a compact, 
co-oriented contact manifold (M,E) to the Bcrline-Vergne index formula ([3]). 

Recall that the equivariant A-class is defined for any real G-equivariant 
vector bundle £ — > M, with G-equivariant connection V and corresponding 
equivariant curvature F{X) by 

A(£,X) = detj/ ^ eF(Js:)/2 _^ J-f(x)/2^J ' 

with the choice of square root depending on orientation. The equivariant A-class 
of TM — > M is denoted by A(M, X). 

The form D^(N(g), X) associated to the normal bundle is defined in [3] as 
follows: 

Definition 6.1. For g G G, let Fn(X), X € £)(<?), denote the equivariant curva- 
ture of N(g) with respect to a G(g) -equivariant connection. Then DR(N(g), X) 
is the G(g)-equivariantly closed from on M{g) given for X € by 

D R (N(g) 1 X)=det m (l-g N e FN{x) ), 

where g N denotes the lifted action of g G G on N(g). 

The splitting TM — i?©K given by the choice of contact form, together with 
the invaraince of the Reeb field imply that the normal bundle N(g) is contained 
within E\M( g ), and thus inherits a complex structure from E. 

Hence we may similarly define the form Dc(N(g),X) using the complex 
determinant in place of the real determinant used above. Note that using the 
complex structure on N(g), we may write N(g) £g> C = N(g) © N(g) and obtain: 

D R (N(g),X) = D c (N(g)®C,X) = D c {N{g),X)D c {N{g),X). 

We are now ready to state the main theorem of this article: 
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Theorem 6.2. Let (M, E) be a compact, co-oriented contact manifold of dimen- 
sion 2n+l, and let G be a compact Lie group acting elliptically on M . Let g £ G, 
and let k(g) be the locally constant function defined by dim M(g) — 2k(g) + 1. 

The G-equivariant index of \fi b is the generalized function on G whose germ 
at g € G, is given, for X £ g(g) sufficiently small, by 

« )( ^, . / (28) 

M(g) 

6.1 The formula near the identity 

We first consider the index formula for group elements e x , for X E g sufficiently 
small. The calculation in this case is simpler, and employs the results of [12] 
directly. The general result will then follow an analogous approach. 

Theorem 6.3. For X £ q sufficiently small, we have 

index G ([? b )(e x ) = J Td(E,X)J(M,X). (29) 

M 

Proof. The formula of Bcrline-Vergne for the equivariant index of a transversally 
elliptic operator is given by 

index G (p b )(e x ) = {2m) \ 2n+1) J n* M (A 2 (M,X))Ch BV (a b> X). (30) 

T'M 

Using the splitting TM — E © R, and the almost-complex structure on E, 
we have that 

A 2 (M,X) = A 2 (E,X) = Td(E®C,X) = Td^E 1 ' , X) Td(£°'\ X). (31) 

By (H| and (J27J, we have 

Ch BV {a b ,X) = P x (X)Ch M Q(o- b ,X) (32) 
= (2nirP x (X)ir* M (Td(E°'\X)- 1 )q*(Th MQ (E°< 1 )). 

Combining (|3ip and (|3"2")l . we find 

Tr* M (A 2 (M,X))Ch BV {a b ,X) = 

(2nirnl I (Td(E 1 ' ,X)- 1 )q*(Th MQ (E^ 1 ))P x (X) (33) 

Lemma 6.4. In terms of the projections q : T*M — > E* and p : E* — > M we 

have 

q*P x (X) = 2irip*J(E,X). 
That is, {■k m )*P\ =P*q*P\ = 2niJ(E,X) in H-°°{q,M). 
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Proof. A representative of Pa is given by 

P* = 2tt X + d X A /3(A) = 2ttx - 2iridx A XS + (DX), 

where x is a cutoff function with support in a neighbourhood of E* , and % = 1, 
on E*. 

Since A is a form on E°, and x is constant on E* , P\ is independent of E* , 
and so it remains to calculate the integral over the fibre of E° = M x R. Let t be 
the co-ordinate along the fibre, and write x = x(*)- Then x(t) is supported on 
a neighbourhood of t = 0, with x(0) = 1, and A may be written as A = —ta, for 
a a contact form on M. Thus DX = D(—ta) — a l\dt — tDa, and P\ becomes 

Pa = 2ttx(<) - 2nix'{t) dt A {-ta)8 + {a A dt - tDa) 
= 27rx(i) - 27ria A t X '(t) dt5 + {~Wa). 

Thus, the integral over R becomes, with the help of the identities in Section 

5.1, 



/oo poo 
P x = -2itial X '(t)tS + (-tDa)dt 
-oo J —oo 



II 



x'(t)6_(Da)dt- / x'(t)6 + (Da)dt 



= — 2nia 

= -2Tria[-5-(Da) - S + (Da)} 
— 2iriaSQ(Da), 

and we obtain our result. □ 

Let Td(E,X) denote the cohomology class of the Todd form Td(P 1 ' , X), 
and write ThMQ(P 0,1 ) = T1ia/q(P*) using the isomorphism (|7|). Then using 
Lemma 16.41 and ([33]) in the index formula (f30l) , we obtain 



index G (p b )(e x ) = (2m)^ 2n +^ J (2ni) n TT* M (Td(P, X))q* Th MQ (E*)P x (X) 

= jdir I P*( Td ( E > x W( E > x » Th MQ( E *) 



{2m 



l — [ Td{E,X)J{E,X), □ 
xi) n J 

M 



6.2 Fixed Point Formula 

The general calculation of the push-forward of ([3]) from T*M(g) to M(g) is 
analogous to the proof given above, since by Proposition 12. 7\ we know that 
(M(g), E(g)) is again a contact manifold on which G(g) acts elliptically. The 
primary added difficulty comes from the appearance of the action of g € G in 
the Chern character form of [3]. 
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Proof of Theorem \G.2i By Proposition ^. 71 (M(g), E(g)) is again a contact man- 
ifold, and we have the splitting 

T*M(g) = E*(g) © Ra 9 . 

Let dimM(g) = 2k(g) + 1, so that E(g) is a vector bundle over M{g) of 
complex rank k(g). 

Denote by j : T*M(g) — > T*M the inclusion of the g-fixed point set in 
T*M. Let iJ = G(g), with Lie algebra f>. Let A 9 = j*A, 0» = j*6> and 
°"b = 3*°~b denote the restrictions of the superconnection, canonical 1-form and 
symbol of the previous section to T*M(g). Let p, q denote the projections 
p : E*(g) -» M(g) and 9 : T*M(g) -> £*(<?). 

The Chern character Ch^ v (<7b)(X) of Bcrline and Vergne is given by 

Ch 9 BV (a b )(X) = Str(/.j* (e^W*))). 

By [3], since Ob is G-transversally elliptic, a 9 is iJ-transversally elliptic, and 
Ch 9 BV (a b ) defines a class in H™ dm (t),T* M(g)). 

Let j*V = Vb © Vjv denote the decomposition of the restriction of the 
invariant Hermitian connection V on E ' 1 into connections on E 0,1 (g) and N(g), 
respectively. Since A = g*V, we have A 9 = A_e © Vat, where Ae = q*^E- 

By Lemma 19 of [3J, the canonical 1-form on T*M(g) is simply the restriction 
9 9 of the canonical 1-form 6 on T*M . Since 9 is invariant under the action of 
g, we have 

Ch| y (a b , X) = e ima Str(/ • e F ( A -® v «^)«). 

Lemma 6.5. Let V be a complex vector space of dimension k, and let a Lie 
group G act on V , such that the action commutes with the natural U (fc) action 
on V . Let p : U(k) — > f\ V* denote the representation of U(k) on f\ V* as in 
1 10}/ , and let w € u(fc) be a skew- symmetric Hermitian matrix. Then for any 
g £ G, we have 

Str( 5 .e"W)=det c (l- 5 - e - tu ). 

Proof. Since the action of G on f\ V* commutes with the representation p, the 
actions of g and w can be simultaneously diagonalized. □ 

Using the above Lemma we may write 

Gh 9 BV (a b ,X) = e* ma Ch(A E , a 9 b , X)D c (N(g), X), (34) 

using 

det c (l-/-(re- F(ABffiV)(X) ))=detc(l- e - F(AE)(X) )det c (l- 5 Ar . e - F ( v «)W), 

since g acts trivially on T*M(g). 

The form Ch(As, of , JT) appearing in (f34|) is simply the Mathai-Quillcn form 
®&mq{o~1, X) on E 0,1 (g). We again use Theorem [O] and Lemmas l5.10l and l5.lll 
as follows: 
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The class e «"'W Ch MQ K, X) = Ch(A E ,af,e»,X) G A™ dm (t),T*M(g)) 
represents Ch sup (a 9 b , &>, X) G W^ Wm .(f>,T*MG,)) in HX(^«M( S )), 
and we have 

Ch sup {a 9 ,9 9 ,X) = Ch sup (er 9 , A 9 , X) = P\ g (X) Ch sup (a 9 , A) . 
Since a representative of Gh sup (a^,X) is ChftfQ^^X), we have 

Ch BV (a b ,X) =P Xs (X)Ch MQ (a 3 b ,X)D c (N(g),X) (35) 

k^ W)n0< /fcT*M(ff)). 

As before, Ch 9 / g(crf ) ) is the pull-back of a form on E*(g), while P\ g depends 
only on Ra 9 . Integrating P\g over R proceeds the same as in the proof of 
Theorem 16.31 giving 2iriJ'(E(g), X) as the result. 

Finally, we substitute (|35)) into ([3]) and use (|26[) and Lemma [6.41 to obtain 

da}. □ 

Suppose now that (B,ui,§) is a Hamiltonian G-manifold, which is pre- 
quantizable in the sense of [TJ. Let L — > £? be a G-equivariant pre-quantum 
line bundle, and let tt : M — > B be the unit circle bundle inside of L with 
respect to a Hermitian metric. A G-equivariant pre- quantization of (_B,w,$) is 
defined in |7j to be the pair (M, a), where a is a connection form on M, such 
that iDa(X) =it*(uj- $(A))0 

Let p denote the Dolbeault-Dirac operator on sections of /\T 0,1 B, and let 
a m = a(p) <g)Id L ®m. 

Since the form a — ia is a contact form on M, and the action of G x U(l) on 
M is elliptic with respect to E = ker(a), our index formula in this case provides 
the following: 

Corollary 6.6. We have the following equality of generalized functions on G x 
'/CO-- 

index GxC/(1) (p b )(.g,u) = vT m index 6 (a m )(g). (36) 

Proof. With the right identifications, this result can be viewed as a special case 
of Theoreme 25 in [4] for H = £7(1), and the details of the proof are similar. 

We need to check that, for any fixed (g, u) G G x U (1), the formula holds in a 
sufficiently small neighbourhood of (g,u) in G{g) x E/(l). That is, for X G g(g) 
and <j) G R sufficiently small, we need to show that 

index Gxt/(1) (pb)(ge x ,ue^) = ^ u- m e - im ^mdex G (a ro )(c?e x ). (37) 

rnSZ 

For any u G U(l), we have M (g, v) = {y G M|<? ■ y = y ■ v}. When M(g, is 
non-empty, [7(1) acts freely on M(g,v), and we denote B(g) v = M(g,v)/U(l). 
The fixed-point set -B(g) is a (finite) disjoint union of the spaces B(g) v . 

3 We are using the convention here that M is a principal {/(l)-bundle, and that u(l) = iR. 
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Since L = M Xuci) C, the action of g € G on the fibres of L| B / g )«. is scalar 
multiplication by u e 17(1). Thus, Ch 9 (L® m , X)\ B[g y = v ™ e mlw(x) , and we 



have 

mdex G (a m ){ge x ) = ^ / (2m)- 



fc( fl ) Td(B(g)",X) 
D c (N B (g),X) 



Thus, the only contribution to the right-hand side of ([57)1 comes from B(g) u 
(provided M(g,u) is non-empty), in which case we can apply the Poisson sum- 
mation formula to obtain 



M^ m e- m ^index G (cr m )( 5 e x ) 



(2m) -k( 9 ) r Td(B(gr,X)S (^(X)-^) 
[ ' D c (N B (g),X) 



Using the index formula (|28p. the left-hand side of {57J is given by 



(2?ri) 



n _ fc(g) Td(£;( g , u), (X, cp)) a^S (Da^(X) 



D c (N M (g,u),(X,4,)) 

M(g,u) 

The pre-quantization condition implies that Da 9,u (X,i<j)) = tt*oj 9 (X) — <fi, and 
since the forms Td(E(g,u)) and D£(Nm(9,u)) are the pullback to M(g,u) of 
the corresponding forms on B(g) u , the result follows. □ 
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